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HI. Discussion
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From the harmonic analysis of the previous section it can be
seen that for any value of n there is a nonzero value for the
equilibrium strain which, following superposition, will lead to
quite a complex function for the general case. For the stress,
however, it has been shown that the equilibrium state for a
harmonic greater than or equal to two is zero. Hence for any
initial stress 7V0 , M0 the equilibrium stress is as given by Eq.
(23) where A/0, Nlt and M/ are, respectively^ the mean
moment and first harmonics of the initial stress N^ , M^ .
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I. Introduction

ABOUT four decades ago Timoshenko,1 conjectured
while discussing Meissner's2 results for buckling of an-

nular plates under external pressure that for large holes the
plate with clamped outer and free inner edges buckles in many
circumferential waves. His comment was based on the
physical argument that the conditions in such a plate (ring) are
analogous to those of a long compressed rectangular plate
damped along one side and free along the other.

The previous conjecture was verified much later through
numerical results by Rozsa3 and recently by other in-
vestigators.4'7 In Refs. 3 and 4, certain correlations which are
different, one from the other, have been proposed between
the physical parameters of the annulus and those of the in-
finite strip.

The object of the present Note is to offer a mathematical
explanation for Timoshenko's conjecture and extend it to
various combinations of clamped, simply supported, and free
edge conditions. In addition, new correlations through a
limiting process are derived. These are found to be useful in
obtaining, a priori, a starting value for the number of cir-
cumferential waves in the critical buckling mode of a given
annulus.

II. Analysis
A thin annular plate of uniform thickness h under external

pressure p0 is considered (see Fig. la), and the material of the
plate is assumed to be homogeneous and isotropic. The
prebuckling membrane stresses in such a plate are given by the
well-known Lame's solutions. For a plate buckling in n cir-
cumferential waves, the lateral deflection W(r,B) is represen-
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Then the strain energy Kof bending, and the work done T
by the mid-plane forces during bending assume the forms
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in which v is the Poisson's ratio, and D = Eh3/\2(\ -v2)
is the flexural rigidity of the plate. The eigenmodes
and eigenloads are governed by the variational problem
6 ( K — r)=0 with respect to arbitrary variation bWn
satisfying relevant geometric boundary conditions.

The above-mentioned variational problem is expressed in
more convenient form by using the transformations 6

Wn(r)=r2w(r) and y= (r-a)/(b-a) (4)

in succession. The integrand in the problem thus modified is
found to be a fifth-order polynominal in the parameter
(b-a)/a with an eigenvalue parameter properly defined. In
the limit a ~ b, the problem reduces to
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in which

and

= n(b-a)/a

= 2(p0b2h/D) (b-a)/(b+a)

The above variational problem Eq. (5) is identical to that of
the buckling of a long rectangular strip of length a' and width
b' if one takes \ = ahb'2 ID and 0 = mir b' la' where o is com-
pressive stress at the shorter edges, and m is number of half-
waves along the length of the strip (see Fig. Ib). By taking
b' = ( b — a ) , as in Refs. 3 and 4, the correlation be-
tween o and p0 becomes

a = 2p0b2/(b2 -a2) (6)

which is equal to the compressive hoop stress at the inner edge
of the annulus. It may be mentioned here that o in the
corresponding correlation in Ref. 3 is equal to the average
hoop stress along radial edge, and in Ref. 4, it is equal to the
hoop stress at the outer edge.

The least eigenvalue X for various values of 0 are obtained
by the Rayleigh-Ritz method with simple polynomials in y as
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Table 1 Values of \0 and $0 for variousboundary conditions,

Clamped -
clamped

\0 68.8
(30 4.75

Clamped-
free

12.64
1.92

Clamped-
simply

supported
53.4
3.90

Simply
supported

simply supported
47T2

7T
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Fig. 1 a) Annular plate under uniform external pressure; b) rec-
tangular strip under uniform compression.

X=x/ar, Y=y/b',

a'

admissible functions. The curve X vs 0 is then plotted from
which the value of (3 at which X assumes its minimum is ob-
tained. The values of X and 0 thus obtained are denoted by X0
and (30 and are given in Table 1.

Note that in deriving the limiting variational problem Eq.
(5), the first and the higher-order terms of (b — a)/a in the
modified energy expressions are neglected in the case of an-
nulus, whereas no such approximation is involved in the strip
problem. Hence the limiting solutions ohb'2/D = \0 and
mirb' /a = (30 in the strip problem can be interpreted in a
useful manner for some finite strips. Whereas no such in-
terpretation is possible in the case of annular plates, since
the limiting solutions (2p0b2h/D)(b-a)/(b +a) =\0 and
n(b—a)/a = l30 are exact only in the limit a-~b. Neverthe-
less, the latter solution is useful in the sense that the
value / 3 0 a / ( b — a ) gives an indication of the number of cir-
cumferential waves (n) to be expected in the critical buckling
mode of an annular plate.
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Introduction

W IND is a natural energy resource that has heretofore
not been widely used because of low energy content.

Since the density of atmospheric air is approximately only
one-thousandth that of water, a stream of air has only one-
thousandth the energy contained in a stream of water of the
same flow crosssection and velocity. Furthermore, it can be
shown that at maximum efficiency an ideal windmill can use
only 59.3% of the energy available in the stream tube that
covers the windmill blades while the rest is carried down-
stream with the wind.1 '2 In real facilities, the efficiency is of
course even less, due to aerodynamic and mechanical losses.
Past attempts to exploit wind power for generating electricity
have used windmills with giant blades in order to obtain prac-
ticable amounts of energy.2'4 For example, in the Smith-
Putnam project, the blade diameter was 175 f t . 3 In such an
installation, the rotor must turn very slowly, resulting in
design problems for the gears necessary to connect the wind-
mill with the generator. Furthermore, in order to ensure a
relatively stable power output under "off-design" conditions,
it is necessary to use a rotor equipped with a blade pitch con-
trol and to keep its axis always parallel to the free wind direc-
tion. As a result, in the past, wind power was not
economically competitive with other energy sources. To use
wind power efficiently, reduce the size of rotors, and to in-
crease the rotational speeds, various combinations of turbines
operating inside specially designed shrouds have been in-
vestigated in Israel.5'7 The investigated shrouds (one is shown
schematically in Fig. 1) were composed of a bell-shaped in-
take, a cylindrical section, and a diffuser.

The purpose of the present paper is to present a new ap-
proach to shroud design, such that good aerodynamic per-
formance is retained, while the shroud is made more attractive
economically. Figure 1 summarizes the results obtained from
the first model of the shroud.6'7 The power ratio r is defined
as

i/2pqt
3AtCD 27 ( c,

0.5931/2pqx
3At 16 \q

CD, the turbine load factor is defined as
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